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ABSTRACT

Answering counterfactual queries has many important applications such as knowledge discovery and
explainability, but is challenging when causal variables are unobserved and we only see a projection
onto an observation space, for instance, image pixels. One approach is to recover the latent Structural
Causal Model (SCM), but this typically needs unrealistic assumptions, such as linearity of the causal
mechanisms. Another approach is to use naive ML approximations, such as generative models, to
generate counterfactual samples; however, these lack guarantees of accuracy. In this work, we strive
to strike a balance between practicality and theoretical guarantees by focusing on a specific type of
causal query called domain counterfactuals, which hypothesizes what a sample would have looked
like if it had been generated in a different domain (or environment). Concretely, by only assuming
invertibility, sparse domain interventions and access to observational data from different domains,
we aim to improve domain counterfactual estimation both theoretically and practically with less
restrictive assumptions. We define domain counterfactually equivalent models and prove necessary
and sufficient properties for equivalent models that provide a tight characterization of the domain
counterfactual equivalence classes. Building upon this result, we prove that every equivalence class
contains a model where all intervened variables are at the end when topologically sorted by the
causal DAG. This surprising result suggests that a model design that only allows intervention in the
last k latent variables may improve model estimation for counterfactuals. We then test this model
design on extensive simulated and image-based experiments which show the sparse canonical model
indeed improves counterfactual estimation over baseline non-sparse models.

1 Introduction

Causal reasoning and machine learning, two fields which historically evolved disconnected from each other, have
recently started to merge with several recent results leveraging the available causal knowledge to develop better ML
solutions [ s s s s s ]. One such setting is causal repre-
sentation learning [ s ], which aims to take data from a complex observed
space (e.g., images) and learn the latent causal factors that generate the data. A common scenario is when we have
access to multiple datasets from different domains, where from a causal perspective, each domain is generated via
an unknown intervention on some domain-specific latent causal mechanisms. [ ] introduce the
Sparse Mechanism Hypothesis which hypothesizes that real-world domain interventions are sparse in the latent causal
space, i.e., they only change a few causal mechanisms, even though the observed distribution might be wholly different
[ s ]. With this in mind, we focus on a specific causal query called a domain counterfactual, which
hypothesizes: “What would this sample look like if it had been generated in a different domain (or environment)?” For
example, given a patient’s medical imaging from Hospital A, what would it look like if it had been taken at Hospital

*Equal contribution. Listing order is random.
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B? Answering this domain counterfactual query could have applications in knowledge discovery, explainability, and
model robustness.

If one has access to or can recover the causal structure, it can be used to generate samples from counterfactual queries
[ s ]. However, most of these existing methods
assume that the causal variables are observed and thus are inapplicable in our setting where the causal variables are
latent. For example, if the same patient was imaged at different hospitals, the differences in the images would be
caused by complex factors such as different radiographer technicians, different calibrations on the imaging equipment,
2 Recently, there have been results on learning the latent causal structure from observed data under well-defined
assumptions [ , s s ,

, , , ] However, as seen in Table l many of these theoretlc works make
strong assumptions such as linearity, access to counterfactual pairs, etc., which often do not hold in real-world scenar-
ios. In contrast to causal methods, the naive ML approach is to s1mply train generative models such as VAEs to map
between the two distributions without any causal assumptions or causal constraints (e.g., [ , D.
However, there are many possible ways to map between two distributions and only some of them could produce the
counterfactuals equivalent to the ground-truth SCM. Thus, the results can be highly dependent on the inductive bias
of the model and could yield poor counterfactuals, as we see in our experiment with unconstrained VAE:s.

In this paper, we aim for a practical yet theoretically grounded approach to estimating domain counterfactuals under
minimal assumptions about the true model and available data. Concretely, assuming only (1) continuous and bijec-
tive observation function and causal function, (2) sparsity of intervention, and (3) access to domain datasets (which
represent unknown interventions), we seek to develop a method that improves domain counterfactual estimation both
theoretically and practically over naive methods. Given assumption (3) that an algorithm solely has access to domain
datasets (i.e., no counterfactual pairs or extra information is available), a learning algorithm can only ensure that the
model matches the domain distributions—a property we call distribution equivalence. Thus, we seek the minimal
modeling assumptions that are needed to improve domain counterfactuals while still being realistic. Towards this end,
we first define the invertible latent domain causal model (ILD), which has a shared invertible observation function and
a set of domain-specific invertible latent SCMs. Here we only assume that the latent causal model is invertible and has
sparse latent intervention. Given this setup, we summarize our contributions as follows:

C1 As a step towards theoretic understanding, we show that recovering the true ILD is unnecessary for estimating
domain counterfactuals by proving a necessary and sufficient characterization of domain counterfactual equiv-
alence. This allows us to construct counterfactually equivalent models and validate if two ILD models are
counterfactually equivalent.

C2 Given this characterization, we prove that any ILD can be written in a canonical form where only the last
variables are intervened. Theoretically, this result simplifies proofs because a canonical ILD model has a simpler
form. Practically, this result means that if we assume an intervention sparsity of k, an algorithm only needs to
optimize over one sparsity structure for ILD models with sparsity k rather than searching over all (’,:L) sparsity
structures for a general ILD models that have a sparsity of £ and latent dimension m.

C3 Leveraging the canonical ILD theory, we then prove that all ILD models can be split into disjoint equivalence
classes with respect to their sparsity k. This result suggests that if the true ILD has an intervention sparsity of
k*, it is advantageous for an algorithm to restrict the sparsity to k* because it will exclude ILDs with sparsity
greater than k*.

C4 In light of these theoretic results, we propose an algorithm for estimating domain counterfactuals by searching
over canonical ILD models (inspired by C2) while restricting intervention sparsity (inspired by C3). We validate
our algorithm on both simulated and image-based experiments.

Notation. For a scalar n, [n] denotes the set {1,...,n}. For a vector &, the i-th entry is denoted by z; and [z];.
Similarly, we denote x<; and [x]<; as the vector from the first entry to i-th entry. For a function f : R™ — R™,
[f(x)]; € Rrefers to the j-th output of f(x) and [f(x)]<; € R’ refers to the outputs from index 1 to j inclusive). We
denote function equality between two functions f : X — Y and f’ : X — Y as simply f = f’, which more formally
can be stated as V& € X, f(x) = f'(x). Similarly, f # f' means 3z € X, f(x) # f'(x). We use o to denote
function composition, e.g., g(f(x)) = g o f(x) or simply h = g o f. We denote Id as the identity function.

2This is different from the selection bias issue which refers to different hospitals having different populations of patients.
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Table 1: This table of related causal representation learning works, focuses mostly on works that study learning a
latent SCM, shows that most prior works in this area aim for identifiability of the (latent) SCM, and thus require
strong technical assumptions which may not hold in real-world scenarios (e.g., perfect single-node interventions for
each variable).

SCM Observation Other Assumptions Observ. Function Characterization of
Function cr Assumphions Identifiability Counterfactual Equivalence
Single mechanism
[ ] Invertible observed N/A (Does not 1) Access to ground- N/A counterfactuals under

study latent SCM)  truth DAG specific contexts

1) Atomic stochastic
hard interv. per node
[ ] Invertible latent Invertible 2) Training set is
counterfactuals pairs
3) SCM is faithful DAG
[ ] Linear latent Linear 1) Atomic hard interv. Scaling No
1) Significant causal

Mixing and N/A -
elementwise transform  Counterfactuals are input

[ 1 Linear latent Non-linear Lo Mixing and scaling No
weights variation
1) Atomic stochastic
. . hard interv. .. .
[ 1 Latent non-linear Linear 2) Each latent variable Mixing or scaling No
is intervented on
Invertible observed N 1) Bivariate requirement .
[ ] (implicit) Affine for identifiability Full (for bivariate case) No
1) Access to domain labels
Ours Invertible latent Invertible 2) Sparse Mechanism No Domain counterfactual
Hypothesis

2 Invertible Structural Causal Models

A structural causal model (SCM) considers m endogenous variables z; and m exogenous noises €;, j € [m], where
each variable is a deterministic function of its parents and independent exogenous noise. Formally, we denote z € R™
as a vector where its entries are endogenous variables and

2 2 D (e, zpy5)), €]

where f(j ) () Rx RIP2I 5 R, and Zpa(j) € RIP2(GII denotes the parents of z;. The deterministic function f(j )
is called the causal mechanism of the j-th variable. If all the exogenous noise ¢; can be recovered from all variables
given all the causal mechanism. We say such SCM is invertible.

While it may at first seem like we are limiting ourselves by only considering invertible SCMs, the following lemma
shows that this constraint does not reduce the expressivity of distributions.

Proposition 1 (Expressivity of Invertible SCM). Invertible SCMs can model any continuous distribution if the exoge-
nous noise distribution is continuous.

The full proof is in Appendix A.1. The proof leverages the invertible Rosenblatt transformation [ ,
, , Chapter B] that can transform any distribution to the uniform distribution or vice versa for
its inverse.

2.1 Invertible autoregressive function represents invertible SCM

In this section, we show that all invertible SCM could be uniquely represented by an invertible autoregressive function
f € Fra. We further express the intervention between two SCM using f.

Definition 1 (Autoregressive Function). A function f : R™ — R™ is autoregressive, denoted by f € Fa, if for all i,
the i-th output can be written as a function of its corresponding input predecessors, i.e.,

feFseVy a9 s [f(e)]; = f(j)(egj), where ¢ € R™. 2)

Proposition 2 (Invertible SCM Representation). An invertible SCM defined by a set of causal mechanisms
{f () (€, 2<;) 7Ly could be uniquely represented by an invertible autoregressive function f € Fy4 and vice versa.

See Append1x A.2 for proof. Given an Invertible SCM { f £ }m w.l.o.g., we assume all its variables are topological
ordered, i.e., the parents always have smaller index than thelr chlldren Proposition 2 ensures there exists f € Fra
that uniquely represents this SCM. We now define the intervention set between two SCMs.
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Definition 2 (Intervention Set). The intervention set between two SCMs f, ]7' is the set of indices where the causal
mechanism changes, i.e.,

AUNDESUANEE SRR 3)
The intervention could be arbitrary as long as it reserves the invertibility in the new SCM. Proposition 3 shows that

the intervention set between f and f’ could be directly computed.

Proposition 3 (Representation of Intervention Set Using Autoregressive Functions). We denote the autoregressive
representation f and [’ for two SCMs f, [’ respectively, then

I =Z(f. f) =1 f £ ) )

Please see the proof in Appendix A.3. Equipped with this proposition, we can use the autoregressive invertible function
to analyse the latent causal models in the rest of the paper.

2.2 Invertible Latent Domain Causal Model (ILD)

Our goal is to propose a model designed to encompass latent causal mechanisms. In this section, we propose the
invertible latent domain causal model to capture multiple latent SCMs that are emerged through intervention. The data
generated by one SCM forms a domain.

Definition 3 (Invertible Latent Domain Causal Model). An invertible latent domain causal model (ILD), denoted by
(g, F), is a shared observation function g and a set of invertible SCM F with Ny domains (i.e., |F| = Ng) satisfying
the following properties:

1. [Latent Domain-Specific Invertible SCMs] F £ {fa:R™ = R™ ¢ F; A}é\]:dl.
2. [Invertible Observation Function] g : R™ — R™ & F; is shared across domains.
3. [Continuous Exogenous Noise] € ~ N (0, I) without loss of generality.

In practice, invertibility can be relaxed using pseudo-invertible or approximately invertible functions, as seen with a
VAE in Section 5.2. The autoregressive assumption ensures that the invertible function properly represents a DAG
causal graph. While it assumes a fixed ordering of variables, we note that there is no such restriction on g and thus g
can absorb any reordering of the variables to match the autoregressive structure of fy. Thus, in view of the observation
function g, this autoregressive assumption does not reduce expressivity of this model class. The shared observation
function g will be critical for producing useful constraints on ILD but it does not inherently reduce expressivity as
g could (in theory) just be the identity. As another example, suppose we have an ILD model (g, F) where g is
the identity. We could construct other models (¢', F') that produce the same distributions, where ¢’ is an arbitrary
invertible function and f); = ¢'~' o f,; (see Def. 5 for the formalization of distribution equivalence). Lastly, we assume
the exogenous noise distribution is standard Gaussian, which is made mostly for convenience and can be made without

loss of generality using the invertible Rosenblatt transformation [ , , , , Chapter
B].
Definition 4 (Intervention of ILD). We define the intervention set of an ILD F as the union of any pairs of SCM in F.
I(F) & ] Z(fafo)= | Z(f, fa). 5)
fa far €F d<Ny4

Definition 5 (Distribution Equivalence). Two ILDs (g, F) and (g', F') are distributionally equivalent, denoted by
(9, F) ~p (¢', F'), if the induced domain distributions are equal, i.e., for all d € [Ny,

o (f7 0 97 @) [0y (@) = o (£ 0 071 @)) [ 1001 (@) (©)

The distributional equivalence defines a true equivalence relation because (6) has the properties of reflexivity, symme-
try, and transitivity by the properties of the equality of measure.

Compared to prior SCM works that operate in the observed space, the non-identifiability of ILDs is extenuated because
we are considering latent SCMs. A natural necessary (though certainly not sufficient) condition for estimation is that
the ILD matches the observed distributions, which in practice is implemented as minimizing a distribution divergence
with respect to the observed samples.
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3 ILD Counterfactual

In this section, we aim to explore counterfactual equivalence ILDs consistent with the ground truth latent causal model.
This section unfolds as follows:

1. We define the domain counterfactual equivalence and characterize the counterfactual equivalence using ILD.

2. We narrow our search to the canonical ILD, an exponentially smaller search space than original ILD, affirming
the presence of equivalent canonical ILD that preserve intervention set size.

3. We show that all counterfactual equivalent model shares the same intervention set size, and misspecifying the
intervention set size will lead to sub-optimal counterfactual. Our theory indicates a bias-variance tradeoff effect.

3.1 Domain Counterfactual

While distributional equivalence is a natural and common constraint for learning causal models, we now focus on our
core contribution in the space of characterizing domain counterfactually equivalent models. We first provide a natural
definition of this equivalence and prove that it is an equivalence relation. We proceed with briefly discussing the idea
of a domain counterfactual.

The main idea of domain counterfactuals is that we can invert the causal model to retrieve the exogenous noise variables
from the observed variables and domain label and then push these exogenous noise variables through the target domain
SCM and the observation function. We formalize this for ILDs in the following definition.

Definition 6 (Domain Counterfactual). Given an ILD (g, F), a counterfactual of x from domain d projected into the
target domain d' can be written as:

Tga 2 gofuof;tog Hx), where fa, for € F. @)

(7) can be interpreted as first projecting the sample into the latent space, i.e., g~ *(+), recovering the exogenous noise
variables via f;'(-), intervening by switching to the d’ causal model fu(-) and then projecting back to the observed
space via g(-). Given this notion of a domain counterfactual, we now provide an equivalence relation that will define
which ILDs have the same domain counterfactuals.

Definition 7 (Domain Counterfactual Equivalence). Two ILDs (g, F) and (¢', F') are counterfactually equivalent,
denoted by (g, F) ~¢ (¢', F"), if all counterfactuals are equal, i.e., for all d,d’, there holds

_ _ -1,

gofwofitog =g ofyofy og". ®)
Lemma 1 (Equivalence relation of counterfactual equivalence). Domain counterfactually equivalent, denoted by
(9, F) ~c (¢, F') is an equivalence relation, i.e., the relation satisfies reflexivity, symmetry, and transitivity.

See Appendix B.1 for equivalence relation proof. While Definition 7 succinctly defines the equivalence classes of
ILDs, it does not give much insight into the structure of the equivalence classes.

To fill this gap in characterizing these domain counterfactual equivalence classes, we now present one of our main
theoretic results. Namely, we prove that an alternative property is both necessary and sufficient to be counterfactually
equivalent.

Theorem 1 (Characterization of Counterfactual Equivalence). Two ILDs are domain counterfactually equivalent, i.e.,
(9, F) ~c (¢', F') if and only if:

Jhi,ho € Frst. g’ =gohyt € Frand f;=hyo fgohy € Fra,Vd. )

See Appendix B.2 for proofs. Importantly, Theorem 1 can be used to construct counterfactually equivalent models and
verify if two models are domain counterfactually equivalent (or determine they are not equivalent). More generally,
this characterization exposes that the set of counterfactually equivalent models is actually very large. In fact, for any
two invertible functions h; and ho that satisfy the implicit autoregressive constraint, i.e., for all d, hy o fg o he € Fu,
we can construct a counterfactually equivalent model. In the next section, we demonstrate how to employ this novel
characterization to establish a smaller set of domain counterfactual models, which we refer to as canonical domain
counterfactuals.

3.2 Canonical ILD

We will now define thecanonical ILD that allows each domain counterfactual equivalence class to be represented by a
much smaller set of ILDs.
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Definition 8 (Canonical Domain Counterfactual Model). An ILD (g, F) is in canonical counterfactual form, denoted
by (g, F) € C, if the following two properties hold:

1. [Identity Domain] The SCM corresponding to one domain is the identity, i.e., 3d, fq = 1d. The identical domain
w.Lo.g. can be the first domain, i.e., f1 = Id.

2. [Last Variables Intervened] Only last variables are intervened, i.e., j € T(F), ¥j > m — |Z(F)]|.

For canonical ILD, all the intervened nodes’ descendant are also intervened nodes, and all the unintervened nodes
follows standard Gaussian distribution. While this definition may seem quite restrictive, in our next key result, we
show that (surprisingly) any ILD has an counterfactual and distributional equivalent canonical ILD.

Theorem 2 (Existence of Equivalent Canonical ILD). Given an ILD (g, F), there exists a canonical ILD (g', F') that
is both counterfactually and distributionally equivalent to (g, F) while maintaining the size of the intervention set,
ie.,

V(g,F),3(¢", F)eC st (¢, F)~cp (9,F), and |Z(F)| = |Z(F')]. (10)

See Appendix B.3 for full proof. An example to elucidate Theorem 2 can be found at Example 1.

Corollary 3 (Relaxed Canonical Existence). Given an ILD (g, F), there exists another ILD (g’ , F') that only satisfies
the last variable property (Property 2) of Definition 8 that is both counterfactually and distributionally equivalent to
(g, F) while maintaining the size of the intervention set.

We omit the proof, which is done by applying the inverse of step 1 in the proof of Theorem 2.

The existence of canonical equivalent ILD indicates that we could only search for the canonical form to get a good
domain counterfactual model which significantly simplifies the search space, which might help algorithm convergence.

3.3 Intervention Sparsity Analysis

In this section, assuming that the underlying ground truth intervention set size is £*, We show that if we impose an
intervention set size k where k& # k* in our ILD, it is infeasible to find a counterfactual equivalent ILD.

Theorem 4 (Canonical ILD and Shared Intervention Sparsity). Given an ILD (g, F), all canonical ILDs that are
distributionally and counterfactually equivalent to (g, F) have the same intervention set, i.e.,

I(F) =Z(F), V(¢ ,F)eCand (g, F)~cp (g9, F). (11)

Proof see Appendix B.4 for the proof. This theorem reveals that all counterfactually and distributionally equivalent
canonical ILDs share the same intervention set size k. The significance of this proof is that we show that all ILDs
counterfactually and distributionally equivalent to the underlying true model must share the same intervention set size

k.

Corollary 5. Given an ILD (g, F), all ILDs that are counterfactual and distributional equivalent to (g, F) shares the
same intervention set size. i.e.,

I(F)=Z(F"), V(¢ F)~cp(g,F). (12)

Corollary 5 uses canonical ILDs as bridges to connect every pairs of counterfactually and distributionally equivalent
ILDs according to Lemma 1.

4 Related Work

Causal Representation Learning Causal representation learning is a rapidly developing field that aims to discover
the underlying causal mechanisms that drive observed patterns in data and learn representations of data that are causally
informative [ , ]. This is in contrast to traditional representation learning, which does not consider
the causal relationships between variables. An extensive review can be found in [ ]. As this is
a highly difficult task, most works make assumptions on the problem structure such as access to atomic hard inter-
ventions as well as the observation function being linear [ R , ]. Other works such
as [ , ] assume a Weakly supervised setting where
one can train on counterfactual pairs (x z) durmg training. In our work, we aim to maximize the practlcahty of our
assumptions while still maintaining our theoretical goal of equivalent domain counterfactuals (as seen in Table 1).
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Counterfactual Generation Counterfactual examples are answers to hypothetical queries such as “What would the
outcome have been if we were in setting B instead of A?”. A line of works focus on the identifiability of counterfactual
queries [ , , , ]. For example, given knowledge of the ground-truth causal
structure, [ ] are able to recover the structural causal models up to equivalence. However, they
do not consider the latent causal setting and they assume some prior knowledge of underlying causal structures such
as the backdoor criterion. There is a weaker form of counterfactual generation which does not use causal reasoning
but instead uses generative models to generate counterfactuals [ ,

, ]. These typically involve training a generative model Wthh has a
meamngful latent representation that can be intervened on to guide a counterfactual generation [ , ]. As
these works do not directly incorporate causal learning in their frameworks, we consider them out of scope for this
paper. Another branch of works try to estimate causal effect without trying to learn the underlying causal structure,
which typically assume all variables are observable[ , ].

Causal Discovery Causal discovery focus on identifying the causal relationships from observational data.
[ 1, [ ] achieve this via the invariant mechanism between certain variable and and
its direct causes. Some other works try to identify nonlinear ICA with access to auxiliary variables [
s ]. Most of these works do not assume the latent SCM setting Another branch of works
aim at learning the latent causal structure [ , ]. However, they typically require strong assumption such
as linearity.

S Experiments

We have shown theoretically the benefit of our canonical ILD characterization and restriction of intervention spar-
sity. In this section, we empirically test whether our theory could guide us to design better models for producing
domain counterfactuals while only having access to observational data « and the corresponding domain label d. In our
simulated experiment, under the scenario where all of our modeling assumptions hold, we try to answer the following
questions: (1) When we know the ground truth sparsity, does sparse canonical ILD lead to better domain counterfactual
generation over naive ML approaches (dense models)? (2) What would happen if there is a mismatch of sparsity be-
tween the dataset and modeling and what is a good model design strategy in practice? After this simulated experiment,
we perform experiments on image datasets to determine if sparse canonical models are still advantageous in this more
realistic setting. In this case, we assume the latent causal model lies in a lower dimensional space than the observed
space and thus we use autoencoders to approximate an observation function that is invertible on a lower-dimensional
manifold.

5.1 Simulated Dataset

Experiment Setup To extensively address our questions against diverse causal mechanism settings, for each ex-
periment, we generate 10 distinct ground truth ILDs. The ground truth latent SCM f; € Fr4 takes the form
fi(€) = F; €+ b1y where Fj = (I — L5)~', L3 € R™*™ is a domain-specific lower triangular matrix that
satisfies the sparsity constraint, b); € R is a domain-specific bias, 17 is an indicator vector where entries correspond-
ing to the intervention set are 1, and L, and b}, are randomly generated for each experiment. We use maximum
likelihood estimation to train two ILDs (like training of a normalizing flow): ILD-Relax-Can which represents our
relaxed canonical ILD form in Corollary 3 and a baseline model, ILD-Dense, which has no sparsity restrictions on
its latent SCM. To evaluate the models, we compute the mean square error between the estimated counterfactual and
ground truth counterfactual. More details on datasets and models, and illustrating figures of the models can be found
in Appendix D.1I.

Result To answer whether sparse canonical ILD provides any benefit in domain counterfactual generation, we first
look at the simplest case where the latent causal structure of the dataset and our model exactly match. In Figure 1a, we
notice that when the grounth truth intervention set Z* is {5, 6} (i.e. the last two nodes), ILD-Relax-Can significantly
outperforms ILD-Dense. Then we create a few harder and more practical tasks where the intervention set size is still
2 but not constrained to the last few nodes. Again, in Figure 1a, we observe that no matter which two nodes are
intervened on, ILD-Relax-Can performs much better than the naive ML approach ILD-Dense. This first checks that
restricting model structure to the specific canoncial form does not harm the optimization even though the ground truth
structure is different. Furthermore, it validates the benefit of our model design for domain counterfactual generation.
More results with different number of domains and latent dimensions can be found in Appendix D.2, which all show
that ILD-Relax-Can consistently perform better than ILD-Dense. We also include an illustrating figure visualizing
how ILD-Relax-Can achieves lower counterfactual error. We then transition to the more practical scenario where the
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true sparsity |Z*| is unknown. In Figure 1b, at first glance, we observe a trend of the decrease in counterfactaul error as
we decrease |Z|. For the case where |Z| > |Z*| (i.e. when |Z| = 2, 3, 4), this aligns with our intuition that the smaller

12.5 mmm [LD-Dense mmm |LD-Dense
10.0 B |LD-Relax-Can 12.5 B |LD-Relax-Can
- + 10.0
g 7.5 g
o{ v 7.5
t‘ 5.0 t 5.0
SR SRR
0.0 0.0
1" ={56}{45} {34} {23} {1, 2} [7]=1 |7]=2 Iz|=3 |7|=4
(a) With knowledge of |Z*| and |Z*| = |Z| = 2. (b) Without knowledge of |Z*| and Z* = {5,6}

Figure 1: Simulated experiment results (Ngy = 3) averaged over 10 runs with different ground truth SCMs and the
error bar represents the standard error. (a) This shows ILD-Relax-Can is consistently better than ILD-Dense regardless
of intervened nodes in the dataset. (b) Here we test varying |Z| while holding Z* fixed. The performance of ILD-
Relax-Can approaches to that of ILD-Dense as we increase |Z|. An unexpected result is that /LD-Relax-Can performs
best when |Z| = 1 and that results from a worse data fitting which is more carefully investigated in Appendix D.2.

search space of ILD-Relax-Can leads to a higher chance of finding model with low counterfactual error. For the case
where |Z| = 1, we notice that it perform better than the canonical model that matches the true sparsity. Though
this |Z] = 1 is a biased model (i.e., it cannot be distributionally equivalent to the true model per our Theorem 4),
the reduction in variance seems to be enough to enable comparable or better counterfactuals on average. We further
check the performance of the data fitting and see a significant drop in that of ILD-Relax-Can. This suggests that the
performance in data fitting can be used as an indicator for whether we find the appropriate |Z|. More results about data
fitting performance and experiments with different setups could be found in Appendix D.2, and they all lead to the
conclusion that ILD-Relax-Can produces better counterfactuals than ILD-Dense even though we do not know |Z*|.

5.2 Image-based Counterfactual Experiments

Here we seek to learn domain counterfactuals in the more realistic image regime. Following the manifold hypothesis

, ], we assume that the causal interactions in this regime happen
through lower- dlmensmnal semantlc latent factors as opposed to high-dimensional pixel-level interactions. To allow
for learning of the lower dimensional latent space, we relax the invertibility constraint of our image-based ILD to only
require pseudoinvertibility and test our models in this practical setting.

High-dim ILD Modeling We modify the ILD models from Section 5.1 to fit a VAE [ , ]
structure where the variational encoder, (g7, F 1), first projects to the latent space via g+ to produce the latent en-
coding z, which is then passed to two domain-specific latent causal models fiu, fig which produce the parameters
of posterior noise distribution. The decoder, (g, F), follows the typical ILD structure: g o fg, where, g and f4 can be
viewed as pseudoinverse of f ;: ., and g*+. A detailed description and diagram of the models can be found in Figure 16,
but informally, these modified ILD models can be seen as training a VAE per domain with the restriction that each
VAE shares parameters for its initial encoder and final decoder layers (i.e. g is shared). As an additional baseline, we
compare against the naive setup, which we call ILD-Independent, where each VAE has no shared parameters (i.e. a
separate ¢ is learned for each domain). These models were trained using the 5-VAE framework [ , 1.
Further details can be found in the Appendix E.4. After training, we can perform domain counterfactuals as described
in Equation (7).

Dataset We apply our methods to five image-based datasets: Rotated MNIST (RMNIST), Rotated FashionMNIST
(RFEMNIST)[ s ], Colored Rotated MNIST (CRMNIST), 3D Shapes [ , ] and
Causal3DIdent [ , ], which all have both domain information (e.g.,, the rotation of the MNIST
digit) and class information (e.g.,, the digit number). For each dataset, we split the data into disjoint domains (e.g., each
rotation in CRMNIST constitutes a different domain) and define class variables which are generated independently
of domains (e.g., digit class in CRMNIST), to evaluate our model’s capability of generating domain counterfactu-
als. Specifically, for RMNIST, RFMNIST and 3D Shapes, all latent variables are independently generated, and for
CRMNIST and Causal3DIdent, there is a more complicated causal graph containing the domain, class and other la-
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tent variables. Further details on each dataset and (assumed) ground-truth latent causal graphs could be found in
Appendix E.1 and Appendix E.3.

CRMNIST 3D Shapes Causal3DIdent
Comp. Rev. Eff. Pre. Comp. Rev. Eff. Pre. Comp. Rew. Eff. Pre.
ILD-Independent | 87.24 59.88  94.65 60.39 | 99.79 3256 94.97 3249 | 88.15 5143 91.05 5194
ILD-Dense 88.18 62.29 92.72 59.60 | 99.76 32.60 8092 32.64 | 83.59 49.17 92.17 48.83
ILD-Relax-Can | 92.10 85.74 94.48 72.95 [ 99.85 79.84 96.72 64.99 [ 86.00 79.73 84.15 79.73
Table 2: Quantitative result for Composition (Comp.), Reversibility (Rev.), Preservation (Pre.), and Effectiveness
(Eft.), where higher is better. CRMNIST, 3D Shapes, Causal3DIdent are averaged 20, 5, 10 runs respectively. Best
models are bold (within 1 standard deviation) and due to space constraint, expanded tables with additional datasets
and standard deviation are in Appendix E.S5.

dy | d, ids

dy} dy | ds

L
E
i

dxal

dxal

dxaz; x:m “‘ . dxHZ

ILD-Dense ILD-Relax-Can

dxaz

ILD-Dense ILD-Relax-Can ILD-Dense ILD-Relax-Can

(a) 3D Shapes (b) ColorRMNIST (c) Causalldent

Figure 2: Domain counterfactuals with 3D Shapes, CRMNIST and Causalldent. Expanded figures can be found in
Appendix E.5 (a) For 3D Shapes, only the object shape should change with domain counterfactuals — the other latent
factors such as the hue of object, floor, background, should not change. (b) For CRMNIST, as the domain changes,
the rotation should change while the digit should not change. (c) For Causalldent, as the domain changes, the color
of the background should change while holding all else unchanged. ILD-Relax-Can clearly performs better than the
baseline /LD-Dense in terms of preserving non-domain features while changing domains for all datasets.

Metrics Inspired by the work in [ ], we evaluate the image-based counterfactuals with
latent SCMs via the following metrics: Effectiveness (whether the counterfactual truly changes the domain,
E(w,d) (1 haomain (34 )= d,]), Preservation (whether the domain counterfactual only changes domain-specific informa-

tion, E(, 4)[1 hm(idﬁd/):y]), Composition (whether the counterfactual model is invertible, E(, 4)[1p,, (z4—d)=y])s

and Reversibility (whether the counterfactual model is cycle-consistent, E(, 4)[1,,

class

(i,dad’ad :y]) where hdomain and

helass Tepresents pretrained domain classifier and class classifier respectively. For example, in the case of CRMNIST,
a model might be able to rotate the image but cannot preserve the digit class during rotation, which would be high in
effectiveness but low in preservation score. Details on the computation of these metrics and causal interpretations can
be found in Appendix E.2 and Appendix E.3 respectively.

Result Due to space constraint, we put all results with RMNIST and RFMNIST in Appendix E.5. In Figure 2 we can
see examples of domain counterfactuals for both ILD-Dense and ILD-Relax-Can. We note that no latent information
other than the domain label was seen during training, thus suggesting the intervention sparsity is what allowed the
canonical models to preserve important non-domain-specific information such as class information when generating
domain counterfactuals. In Table 2, we include quantitative results using our metrics, which shows ILD-Relax-Can
having significantly better reversibility and preservation while maintaining similar levels of counterfactual effective-
ness and composition than the non-sparse counterparts. In Appendix E.5, we further investigate our model’s sensitivity
to the choice of sparsity by tracking how each metric change w.r.t. | Z|. We observe that reversibility and preservation
tends to decrease while effectiveness tends to increase as we increase |Z|, which aligns with our findings here as ILD-
Dense is equivalent to making Z contain all latent nodes. In summary, our results here indicate our theory-inspired
model design leads to better domain counterfactual generation in the practical pseudo-invertible setting.
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6 Conclusion

In this paper, we prove a necessary and sufficient characterization of domain counterfactual equivalence with more
practical assumptions in comparison to existing works. Given this characterization, we show that any ILD model can
be written in a canonical form, and we further prove all ILD models can be split into disjoint equivalence classes based
on their sparsity. Then we empirically validate that our theory-inspired model design leads to better counterfactual
estimation with extensive simulated and higher dimensional image-based experiments. We discuss limitation of our
methods in Appendix F. We hope our theory could give inspiration to the design of practical algorithms and models
which bridge the gap between causal reasoning and machine learning.
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A Auxiliary results and proofs of Section 2

In this section, we prove the lemmas in Section 2 which capture important properties of the ILD Model. Before
proving Proposition 1, we first introduce another lemma that is useful later in proving Proposition 2.

Lemma 2 (Invertible Upper Subfunctions). The upper subfunctions of f € Fi 4 are also invertible, i.e., f () (e<;) £
[f(e<j,-)]<;j is an invertible function of e<;.

Proof. We will prove this by induction on k where j = m — k. For k = 0, it i trivial because f(<™) = f € F;. We
will prove the inductive step by contradiction. Suppose f(=™~*) is not invertible. This would mean it is not injective
and/or not surjective.

If fU) is not injective, then 3 €<j # e/<j such that féj (e<5) = ij (e’<j). We would then have for some ¢ ; (e.g., all
Zeros): - -

f(gj—‘rl)(GSj, 1)
= [fSe<y), [fle<jr eyl T
= [FSD(e,), [f(e<sre55)]j+1] T

= TS ey epe). 13
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but this would contradict the fact that f< j+1 is invertible by the inductive hypothesis.

If f(=9) is not surjective, then 3 =< such that Ve<;, f(=7)(e<;) # < ;. We would then have that Ve, e ;

FI N ecsrejin) = [FDe<h) [F(es)jin] T # [m<jrwin] T (14)
but this would contradict the fact inductive hypothesis that fj+1 is surjective. Therefore, f(/) must be invertible for all
j € [m]. O

A.1 Proof of Proposition 1

The proof leverages the invertible Rosenblatt transformation [ s s , , Chapter B]
that can transform any distribution to the uniform distribution or vice versa using its inverse. Given an ordering of a

set of random variables, i.e., € = [z1, 2, - - ,xm]T, the Rosenblatt transformation is defined as follows:
Uy = F1 ($1)
Ug 1= FQ(]J2|Z‘1)
us ‘= F3(1‘3|J?1, [EQ) (15)
Um = Fm(xm‘ml7x27 e 7:L‘TI’L71) 9

where Fjj(z;|z<;) is the conditional CDF of x; given x;, i.e., the CDF corresponding to the distribution p(z;|z <;).
It’s inverse can be written as follows:

21 = Fy H(w)

@y = Fy *(ug|z:)

w3 = Fy ' (ug|zr, x2) (16)
Tm = Fél(um|xl7x27 e 7xm—l) )

where F;l(uj |x<;) is the conditional inverse CDF corresponding to the conditional CDF F}(x;|x«;). Let F,(x)

denote the Rosenblatt transformation for distribution p, and let Fp*1 (u) denote its inverse as defined above. Assuming
the random variables are continuous, the Rosenblatt transformation transforms the samples from any distribution
to samples from the Uniform distribution (i.e., the push-forward of the Rosenblatt transformation is the uniform
distribution and the pushforward of a uniform distribution through the inverse Rosenblatt is the distribution p).

Proof. Given any continuous target distribution p, we can construct an invertible SCM whose observed distribution is
p. Specifically, if we let ¢ denote the exogenous noise distribution, then the following invertible and autoregressive
function f—which defines an invertible SCM via Proposition 2—can be used to match the SCM distribution to p:

fle)=F,oF (e), (17)

where F~ ! maps to the uniform distribution and then F,, maps to the target distribution per the properties of the
Rosenblatt transformation. The function is invertible since both functions are invertible. Additionally, both functions
are autoregressive and thus the composition is autoregressive. Therefore, f represents a valid invertible SCM whose
observed distribution is p. O

A.2 Proof of Proposition 2

The unique representation is given by:

-
fle)= D), fP(e, fP(er), [P (es, fOler), fP (ea, fD(er)))s -+ | (18)
—
Trecover zp recover Zpa(j>
where for all 7, .
DA€z, zpa5)) = LU (Z<js Npags)s €55 )], - (19)
—_— ————

recover €< from zp,(;)

14



Towards Characterizing Domain Counterfactuals for Invertible Latent Causal Models A PREPRINT

Proof. First, let’s define a relaxed version of SCM where each z; is a function of all z.; instead of Zpa(j)» i.e.
z; = fU ) (€, z<;). Then we will prove the following statement:

.
F©&) = [TV (), FP(ez, [P(er)), [O(es, FV(er), FP(e2, [P (1)), -+ (20)
recover zp TECOVEr Z <3
FD s, z<5) = [F(F (<5, ) <jr €&, )]s - (21)
N————

recover € < ; from z . ;

We first prove one direction. Given an invertible SCM defined by it’s causal mechanisms {f(j ) (€, 2< i)}ty the
observed variables are given recursively as:

2 = 9 (e, 2;). (22)
We now define the corresponding f as in the lemma:
-
Fl@) 2 |V en)s fP(ea, JPen), TP (e, f D (e1), JP (e, [ (1)), -+ | - (23)
——

recover zp recover <3
We need to prove that the observed variables are equivalent to the given SCM. Formally, we will prove by induction
on j € [m] the hypothesis that [f(¢)]; = f(j)(€j7 zZ<j) = z;j, Ye € R™. The base case is trivial from the definition in
(23),ie.,Ye e R™, [f(e)]; = FO(ep) = z;. For the inductive step, we have the following:

[f(O)]j11 = ﬁjﬂ)(ﬁﬂu f(l)(el)a Jﬂz)(ﬁm ﬂl)(ﬂ)), ) = f\(j+1)(ej+l7z<j+1> =Zjy1 (24)
—_—

where the first equals is by (23), the second is by the inductive hypothesis, and the last is by definition of the SCM.

Now we prove the other direction. Given an invertible autoregressive function f € F; N F4, we define the following
recursive set of mechanism functions:

Vj? Zj = -]?(j)(eja Z<j) £ [f([fil(z<j, ‘)]<ja €5, )]j . (25)
Again, we will prove that these functional forms are equivalent via induction on j for the hypothesis that
f(j)(ej, z<j) = [f(e)]; = z;. The base case is trivial based on (25):

FY(e) = [F([f e, Nerven, )i = [fler, ) = 21 (26)

For the inductive step, we use the definition of f.; and its inverse from Lemma 2 and derive the final result:

L//:\(j+1)(€j+17 Z<j+1) = [f([fil(z<jv ')]<ja €5, )]] = [f(fgj‘l(z<j)a €5, )}] = [f(€<jv €5, )}] =2Zj. 27

O
A.3 Proof of Proposition 3
Proof. Step 1: Prove {j : [f_l}j + [f’_l]j} cT (f, f’) .
Forall j € {j : [f‘l]j £ [f’_l]j} , there exists some z, such that
=), # [F =), (28)
given that f, f’ are auto-regressive function, we conclude there exists some (z«;, z;) such that
& =1 z<jr 2, ) # I 2<jy 25,05 = € 29
we have, for ¢}, e; and such z; there holds
F(ej 2<)) 2 2
29 215
= f’(J)(E;_’zq)
= [/ (z<is s €655
(@)
# U zegs s )l
= ['9ej, 2<5). (30)
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where (a) comes from the f’ € F;. Thus it implies j € Z (f, f’) .
Step 2: ProveI(ﬂf) C {j : [f‘l]j £ [f’_l]j}.
Forallj € Z (f, f’) , there exists some (€, 2« ), such that

2 2 FD(ej,2¢5) # FD(ej,2<5) 2 2,
Define

A

Z<j £ [

!/ /
z<j, 2] and 2l = [zoj, 2],

then we have
[F (25005 = & = [F' 71 (255 ))ss
given that f, f' € Fr, we conclude,

[F~ 2z )]s # [ (22 s
which implies j € {j : [f’l]j + [f’*l}j}.

B Auxiliary results and proofs of Section 3

B.1 Proof of Lemma 1

Proof. We only need to prove that it satisfies reflexivity, symmetry, and transitivity.

1. Reflexivity - Letting ¢’ = g and F' = F in the definition, it is trivial to see that Vd, d’

gofwofitogt=gofpofitogt,

and thus (g, F) ~¢ (¢', F').
2. Symmetry - Similarly, it is trivial to see that Vd, d’,

=1 ’—

_ _ —1 —1 1 —_ _
gofrofitogt=goflhofi og < gofiofi og  =gofuofilog

and thus (g,]:) ~c (glaf/) < (g/af/) ~c (gvf)

€29

(32)

(33)

(34)

Lo35)

3. Transitivity - For (g, F), (¢', F') and (g”, F"), we can derive the transitive property by applying the property

twice to the first two and the last two pairs Vd, d’:

—1 -1 _ / r—1 =1 _ " n—1 n—1
gofaof; og =gofyofy og =g °Jg°Ja ©°9 )

which means that (g, F) ~¢ (¢”, F").

B.2 Proof of Theorem 1

The proof of Theorem 1 relies heavily on one the following key lemma that provides a necessary and sufficient

condition for the composition of two invertible functions to be equal.

Lemma 3 (Invertible Composition Equivalence). For two pairs of invertible functions (f1, f2) and (f1, f4), the fol-

lowing two conditions are equivalent:
1. The compositions are equal.:
fiofa=fiofy.
2. There exists an intermediate invertible function h s.t.

fil=fioh™ fy=hofs.

See Appendix subsection C.2 for the proof of this Lemma.

16

(36)



Towards Characterizing Domain Counterfactuals for Invertible Latent Causal Models A PREPRINT

Proof of Theorem 1. The basic idea is to use repeated application of Lemma 3 under the constraint that h; and ho
must be shared across for all d and g and g~ ! must be inverses of each other.

For one direction as in Lemma 3, if (9) holds, it is nearly trivial to show (8), for all d, d’:

gofiofi og = (gohi o (o fuoha)o(hy o fi ol o(hog ) =gofuofitog.
To prove the other direction, let us define the following functions for a specific (d, d’) (we will treat the case of all

(d,d’) afterwards): f; £ g7, fo £ fd_l7 fa & fa,and f; £ g and similarly f], f5, f4, and f; for the other side.
Given these definitions, we can write the property as:

faofso faofi=frofsofyofi.

By recursively applying Lemma 3 for each of the three function compositions, we arrive at the following fact that there
exist hy, ho, h3, such that :

fi=hiofiand fio fio fy = fiofso faohy?
fy=hso foohi and fio fs = fiofyohy'
fa=hzofsohy and f; = fyohgt.

By using the definitions of f1, fs, etc., we can now derive the following:
g =gohy'
fir =hso foohy
£t =hao f7h o by
¢ =hiog L.
We can connect the first and the last equality to derive that hy = hq:

/

—1 i _ _
g =(goh3') P =hzogt=hiog "

Thus, there are only two free functions. Specifically, for any fixed pair of (d, d’) there exist k1 4,0 (= h3 q4,4/) and
ha,4,q such that

-1 -1 -1
g/ =go hl,d,d” f:i = hl,d,d’ o] fd ] h2,d,d’7 and f(;/ = hl,d,d’ o fd’ ] h2,d7d" (37)

Finally, we tackle the case of all (d,d’) by assuming that there could be unique functions h 4 4 and he g4 4 for all

pairs of (d,d’) and show that they are in fact equal. Because the condition holds for all pairs (d,d’), we know that
for any particular (d, d') and (d”, d), we have the following two set of equations based on the proof above. First, for
counterfactual d — d’, we have

gofpofi togd t=gofuofitog .

By applying (37), we get that there exist hy 4 4/, ho 4,4 such that
g =g0higa
Fi=h1aa o faohy
[y =hiaa o faro h;}l,d/'
Similarly, for (d”, d), there exist hy g g, ho a7 ¢ Such that
9 =g0higm,
for =hiarq0 far o h;ju,d
fo=hiarao fao h;éu,d-
By equating the RHS for the ¢’ equations above, we have

-1 _ -1
gohi gy =90h g

17
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Thus hy g4 = hi,a,q4. Using this fact and similarly by equating the RHS for the f), equations above, we can derive:

/ -1 -1 -1
fd = hl,d,d’ o fgo hQ,d,d’ = hl,d”,d o fqo h2,d”,d = hl,d,d’ o fgo h2,d”,d’

which shows that
-1 —1
h2,d,d/ = h2,d”,d
hoaa = haa q.
By applying these facts to all possible triples of (d, d’, d”), we can conclude that for all d, d’

higa = h
ha.q,ar = ha,

i.e., these intermediate functions must be independent of d and d’. Finally, we can adjust notation so that for all d,

fi=hiofioha 2 hyofyohy
g/:goﬁflégohfl'

B.3 Proof of Theorem 2

Lemma 4 (Swapping Lemma). Given that the first canonical counterfactual property is satisfied, i.e., f1 = 1d, denote
f" as SCM constructed by ' = hy o f o hg, where hy = hy denote swapping the j-th feature with j'-th feature. Then
there exists g’ such that

(9, F) =c (¢", F), fi =1d, Z(F') = (Z(F) \ {5}) u{s'}.
if the following conditions hold

JEL(F)andVj:j<j<j, jgI(F).

Built upon swapping Lemma, we move to our main result on the existence of equivalent Canonical ILD. See subsec-
tion C.3 for proofs.

Proof of Theorem 2. At high level the proof is organized in the following two steps.
(Step 1) we use Theorem 1 to construct an equivalent counterfactual (g(?), F (0)) ~c (g, F) by choosing two invertible
functions hy = f; L and hy = Id. In this way, Theorem 1 implies
fl(o) =hio fiohs :fflofl old=1d
Vd>1, [ =hjofsohy=f"0fsold=fi'ofsy, and ¢ =goh'=gofi.
Equipped with (g(©), F(©), we can show that part I of Def. 8 is satisfied, i.e., £\’ = Id. Choosing hy = Id, we could
prove (Step 1) could guarantee the distribution equivalence.

(Step 2) we can further construct a series of equivalent counterfactuals iteratively to gradually satisfy part IT of Def. 8.
Specifically, in (Step 2), we recursively construct, for all iteration k € {1,2, ..., k'%}. We use superscript f (k) (k)
and F(*) to denote the k-th swap operation. Specifically, in swap k, we have for all f; € F,

(k) & (k—=1)
0 Ehimeimofe o himyei ),
and
k k—1 -1 k—1
g™ £ g%V by oy = g" Vo hj(ky e (k) »

where % (1) j (1) denotes swapping the j(k)-th and j'(k)-th feature values, i.e.,

A T
hjojr(@) 2 (X1, o, Bjo1,Tjr, Tjg1, o L1, Tjy Tjrgl, s T (38)
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and further define
(k) 2 max {j,j ¢7 (ﬂk))} , and j(k) £ max {j <j'(k),jeT (]-'(’“))} . (39)
In high level, at each iteration, we seek the largest index j'(k) which does not lies in the previous interven-
tion set Z (F*)) | and swap it with the largest index j(k) which is smaller than j'(k). We terminate at k when
{i<i'k),jeZ(F®)}=0.
By the definition of j/(k), j(k) in (39), we can show that 1) for each swap step k, there holds
j) €T (F®), and ¥ j(k) < <5'(k), jT(FM), (40)
which implies Lemma 4 can be applied to ensure the counterfactual equivalence at each step.
2) When meeting the stopping criterion at step k'*', i.e.,
{] < jl(kla5t>,j cT (]_-(klm_l))} _ @j (41)
there holds
last last
vjeT(FED), e m - |z (FE))
ie., (g(’“m_l)7 F (klm_l)) is in canonical form. Chaining 1) and 2), we conclude
3 (g,’]__,) 2 (gklas(_17fklas[_1) cCst. (g/,}-/) ~c <g)}-).
Note that (%) o fék) =gkDo f(gk_l) © Nj(k)o 4 (k), and linear operator ;1) (k) is orthogonal, then iteratively,
we conclude (¢’, ') ~p (g, F).

To prove 1), observe in (39), j(k) is the largest index in the intervention set which is smaller than j’(k). This simply
implies (40).
To prove 2), suppose when meeting the stopping criterion at step k'*!, there holds

ez (F““"’"*l)) such that j < m — ’I (f““'““*l)) ’ . (42)
It implies that
3j¢71 (ﬂ’“'“‘—”) and j € {m - ‘I (f(k“'“‘”) ‘ +1,... ,m} :
Then we can choose j(k) = j, implying j € {j <j'(k),jel (]—'(klm—l))} # (), contradict to (41). This concludes
the proof of part I in Theorem 2.
It remains to prove that the construction of f(°) in the step 1 does not change the intervention set.

1) For any j ¢ Z(F), for any pairs d, d’, we have [fd’l]j = [f;l]j, based on the construction of f(9), we have
07 =t e mly = Uit o iy = |10 (43)

thus, Z( 50), ,59)) C I(fa, fa)-

2) For any j € Z(F), there exists d, d’ and z, such that [f;7"(2)]; # [for ' (2)];. Note that f; is a bijective function,
there exists z’ such that z = f1(2’), we have

U £ U @l
& U AE), # e ()],

&[0T ) A 107,
& eI( . 59))

thus 7 ( £, éf”) > Z(f4, f4). Combining 1) and 2), we have T ( £ §9>) = Z(f4, fa). This show that the

construction of step 1 does not change the intervention set, combining the fact in step 1, we iteratively used swapping
Lemma 4, and swapping Lemma 4 does not change the intervention set size, i.e., Z(F') = (Z(F) \ {j}) U {j’}, we

conclude that ’I ( c(lO)7 59))| = |Z(fa, far)| This completes the proof. O
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To help understanding, we design a simple linear ILD model to explain the theorem procedure.

Example 1. Suppose we have a 4-dimensional ILD model (g, F) containing 2 domains, where

0

0 . .

ol 9 invertible.
1

flé 7.]02é

e
=)
_—_0 o

0
0
0
1

— =N
— =N O
— 0O

Following the proof of Theorem 2, we have Following Step 1 in the proof of Theorem 2, we have h; = f; L

PO = o i S0 =fto fo

9 =gofi,

1 00 0 1 0 0 0
@ (0100 o |1 2 00
1 =100 1 ol T |1 -1 1 of°

00 0 1 0 0 0 1

1 000
0 _ 1 100
97°=9°11 11 0
111 1

Notice that Z(f(%)) = {2, 3}. Following Step 2 in the proof of Theorem 2, we first swap j = 3 and j' = 4,

1 0 0 0 1 0 0 0
he 0L 0O qy_ 1100
34= 19 0 0 119 TY9°01 1 1 1
001 0 1 110
We have f(2) £ h3<_>4 o f(l) o h3<_>4
1 0 0 0 1 0 0 0
@ (0100 ,» |1 2 00
1 =100 1 0[’'2 T{0o o0 10
00 0 1 -1 -1 0 1

Notice that Z(f(1)) = {2,4}. Following Step 2 in the proof of Theorem 2, we first swap j = 2 and j' = 3,

1 00 0 1 000
0010 111 1
h2H310100’9(2):g°1100
00 0 1 1 110
‘We have f(3) £ h2<_>3 o f(2) ] h2<_>3
1 000 1 0 0 0
@ 10100 .2 |0 1 0 0
1 =10 0 1 0] 1 0 2 0
00 0 1 1 0 -1 1
1 000
@ _ 111 1
97°=9°11 1 0 0
1 110

Notice that ( g f (2)) is the canonical form. They are counterfactually equivalent to each other by checking definition.
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B.4 Proof of Theorem 4

Lemmas5. If f : R™ — R™ € Fry, then [f ()] must be a non-constant function of xy.

Proof. We prove this by contradiction. Suppose k is the first index that [f(x)]x = f(z1,...,2,_1). Since k is the
smallest index, [f(z)]<x is uniquely determined by [x]<j, The remaining m — k dimension outputs could not be
bijective to m — k + 1 inputs. O

Proof of Theorem 4. In the proof, we denote F' as a non constant function without specifying the expression.

Step 1: Characterization of counterfactual equivalence for canonical forms. Theorem 1 states that there exists
h1, ho € Fr, such that for all d,

fo="hio fqohs. (44)
Furthermore, by the definition of canonical form (Def. 8), we have
fi=1d, fi =1d. 45)

Plugging this into (44), we have
Id = hl OIdOhQ.
Thus,
hi't=hy 2 h.
Plugging this into (44), for all d, we have
t=h"toftoh. (46)

Step 2: Counterfactual equivalence between canonical forms maintain the intervention set. The goal of this step
is to prove that h is a bridge satisfying the following property: for any i ¢ Z(f1, f}), for all z, there exists an unique
J, such that [ =*(z)]; only depends on z;. In addition, we can prove such j satisfies j & Z(f1, fa)-

We start with writing the i-th output of £/~ ' (x) as the following

@) & I (h(@)))s @)
= 07 (0f7 @) 7 (@) as - 17 (@) 48)
@ [n7 (Fad (@), Fd (@), (b@))2), - Fh (@) @) | @9)

where in step (a), we used autoregresiveness of f ! and fd_,i is defined as a function from R” to R. According to
Lemma 5, fdfé () is a non-constant function of .
Step 2.1: We show 7 and j must be one-to-one mapping of 1. We proof this by contradiction.

Suppose h~! maps more than one index to i-th index, w.l.0.g, we could assume j; and jo. That is, [h~!(u)]; depends
on u;, and u;,. Take u = fd_l(h(ac)), then we have

i @) = F () (@), @), T, (@)l [h()]5)) (50)
Due to that f; ' € F4, from Lemma 5, we have
Fag, (h@)hs - [(@)];,) = F([h(@)];, ) (51)
Fagp (@), - [A(2)]5) = F([(=)]js,)- (52)
Plug (51), (52) into (50), we have
7 @) = F([h(@)];,, (b)) ) (53)

Given that h € Fry4, we conclude ([h(x)];,, [h()];,) depend at least two distinct indices. That is, there exists i1, 1o

such that
([h’(w)]jl’ [h(m)]u) = F(xiuxiz)' (54)

That implies [f;*(z)]; is a nontrivial function of (z;,,x;,). This leads to the contradiction that i ¢ Z(f], ), where
for all «, there holds
[fa (@) = = (55)
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Step 2.2: We show such j is not in the intervention set between f; and f;. We prove this by contradiction as well.
Step 2.1 implies

U @) = F (Fi) (h@)h, - @)) = F (b)), (56)
Suppose j € Z(f1, fa), then f; ' ([h(z)];) Recall that f; ' € Fa,

then [f; ' (h(x))]; must be a non-constant function of [h(z)]; and [A(z)];  for some j’ < j, i.e.,

L (@) = foj (@)1, - [a(@)];) = F((h(@)], [h(@));, ). 57

Similarly, we know that [h(x)];» and [h(x)]; must be nontrivial functions of x;, and x;,, which i # i4. However,
we know | (’[1(13)]1 is a function of z; exclusively, which leads to contradiction. This shows that the number of

non-intervened node in f} must not be greater than that in fy, i.e.,

Z(f1, fa) = Z(f1, fa), Vd. (58)
We further notice that the symmetric relationship between f,; and f/, we could also have
Z(f1, fa) < Z(f1, fa), Vd. (59)
Union among on d, we have
Z(f") = Z(f)- (60)
O

C Proofs of Lemmata

C.1 Miscellaneous Proofs

Lemma 6 (Invertible function rewrite). Given any two invertible functions f : X — Y and f' : X — Y, f' can
be decomposed into the composition of | and another invertible function. Specifically, ' can be decomposed in the
following two ways:

f'=fohx ©61)
ff=hyof, (62)

where hy = f~lo f/ - X — X and hy = f o f~1 : Y — Y are both invertible functions.

Proof of Lemma 6. The proof is straightforward. We first note that hx and hy are invertible because they are compo-
sitions of invertible functions. Then, we have that:

fohx=foftof =f (63)
hyof=foftof=f. (64)
O

C.2 Proof of Invertible Composition Equivalence Lemma 3

Proof of Lemma 3. For notational simplicity in this proof, we will let g £ f1, f £ fo, ¢’ = f] and f' £ fi—note that
g and f are just arbitrary invertible functions in this proof. Furthermore, without loss of generality, we will prove for
the property that there exists  such that ¢’ = g o h, f' = h™! o f, which is equivalent to that there exists h, such that
h:g =goh™, f = ho f. Thus, in the new notation, we are seeking to prove that g o f = g’ o f’ iff there exists h
such that

g =goh f'=h"of (65)
For the first direction, if there exists h satisfying ¢ = go h, f’ = h™! o f, then it is easy to show that go f = ¢’ o f":
gof =gohoh™tof=gof. (66)
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For the other direction, we will prove by contradiction. First, using Lemma 6, we can first rewrite ¢’ and f’ using the
two uniquely determined invertible functions hy and ho:

g/:gohl 67)
f'=haof. (68)

Now, suppose that go f = g’ o f/ but there does not exist i such that ¢’ = goh, f/ = h~! o f. By the first assumption
and the facts above, we can derive the following:

gof=gof =gohiohsof. (69)
Thus f = hy o hg o f, which gives
hi' = ho. (70)

From the second assumption, i.e., there does not exist h such that ¢’ = go h, f/ = h™' o f. Thus for all h such that
g’ = g o h, it holds

f'#£h o f. 71
Thus for specific A L= =1 it also holds
fr#htef (72)
Then from (68), we have
hoof#hitof, (73)
which gives us
Ryt # ho. (74)

But this leads to a direct contradiction of (70). Therefore, g o f = g’ o f’, iff there exists h such that

g =goh, f'=h""of.

C.3 Proof of swapping Lemma 4

Before proving the swapping Lemma, we introduce a Lemma which is useful for proving Lemma 4.

Lemma 7. For an ILD with f; = 1d, Z(fy, f1) = {j L[fa]; # [fl]j}'

Proof. First, we show that for any j € Z(f1, fa), there exists x, such that
[f1()]; # [fa(x)];- (75)

From Proposition 3, we know that for any j, there exists , such that [f; ' (x)]; # [f; ' (z)];. Wedefinex’ £ f;*(x).
Thus we have [z]; # [];, Then we have

Thus there exists ', [f1(x')]; # [fa(z’)];. On the other direction, we show that for all j ¢ Z(f1, fa), [f1]; = [fal;-

It is equal to show that if there exist & such that [f;(z)]; # [fa(z)];, then j € Z(f1, fa). We define ' £ f4(z), thus
[x]; # [];, we have

@) = [2]; =

[fi 1 (&)); = [=]; = ;.

Thus there exists ', [f; ' (z)]; # [f; ' (2)];.
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Proof of Lemma 4. For function f; € F4, we denote fqj(x<;) = [fa(z)];. First, note that because j' is not inter-
vened, i.e., [f4];» = [f1];7, then we can derive that it’s corresponding conditional function is independent of all but the

4’-th value:
[fa(z<jr, )l = [fr(m<yr, )] = 250 (76)
For the new model, we choose the invertible functions as swapping the j-th and j’-th feature values, i.e.,

A T
hi(x) = [T1,@0, -, Tjo1, Tjr, Tty s Tjr—15 Ty Tjrgls > Lo a7

and similarly for ho, i.e., ho £ hy. Because hq and hs are invertible, we know that the new model will be in the same
counterfactual equivalence class by Theorem 1. Construct ¢’ £ g o hl’l, and then for all d,

fa(@) =hy o fue ha()
=hy o fa([X1, @a, Tjo1,Tjr, Tjats  Tjm1, Ty Tyt T )
=hio fa([y1, 92, Yi—1, Y5 Yjt1s s Yjr—1, Y5 Yyre1, ’ym]TD
=h1 o [fai(y<i)|im,

=\fa1(y1)s - faj-1(y<j—1), fa (Y<jr)s fajr1(Y<jrr), - s

fd,j'71(y§j/—1), fd,j(ygj)v fd,j’+1(y§j’+1)a s 7fd,m(y§m) )

where we define y £ hy ' ().
We now need to check that the first canonical counterfactual property still holds.
fi=hiofioho=hyoldohy =hjohy=1d, (78)
where the last equals is because swap operations are self-invertible.
We move to check that the autoregressive property still holds for other domain SCMs.
1) For the j-th feature, we have that:
[fa@); = fay (y<jr) = fagr(r, o mjn, @, wjpn, - w1, 25) = 2

where the last equals is because the fy j/(y<;/) = y;» = x;. This clearly satisfies the autoregressive property as [f7];
only depends on ;.

2) For the j’-th feature, we have that:
[fa@)jr = faj(y<i) = faj(xr, - 21, 25)

where again this satisfies the autoregressive property because all input indices are less than j’ because j < j'. Now
we handle the cases for other variables. If ;7 < 7, then we have the following:

[fal; = [h1 o fao hal; = [fa o hol; = fy5([ha(@)]<5) = fu (1, ..., 25) (79)

3) Similarly if j < j < j:
(fal; = faj(@r, . zjmr, @, Ty, o, 25) = 257, (80)

where we use the fact that there are no intervening nodes in between j and j’.
4) Finally, for j > j/, we have:

(fals = faz(@n, - xjn, @, @y, oo Ty, T, Ty, -, 25) (81)
which is still autoregressive because j > j’ and j > j. Thus, the new [/, is autoregressive and is thus a valid model.
It remains to prove that Z(F') = (Z(F) \ {j}) U {5’}

1) When k < 7, we have for all d,

[falk = far(y<k) = far(@<i) = [falk

then for all k € Z(F), there exists dg, such that

o Tk = o)k # [Adk = A e
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Thus, k € Z(F').
If k ¢ Z(F), we have for all d,

o™ T = Ul = [l = LA T
Thus k ¢ Z(F").

2) When j < k < j/, we have Vd, [f}(®)]x = z1 = [f} ()]s = x1. Thus we have ¥d, [} 'z = [£1”"]&. which
means forall j < k < j', k ¢ Z(F').

3) When k£ = j’, we have Vd, [f}];; = fa;(x1,---,2j—1,2;). Furthermore, since, j € Z(F), we have 3do,
[faolj # [f1]; by Lemma 7. Thus [fy ;7 = [fa,]; # [f1]; = [fil; = 7' € Z(F') also by Lemma 7.

4) When k > j',if k € Z(F),3dy,dz, [fa, ]k # [fa,]x, Chaining with (81), we have [f}; |r # [f},]r- Thus, k € Z(F')
by Lemma 7. Similarly, if k ¢ Z(F), then k ¢ Z(F") To summarize, Z(F') = (Z(F) \ {7}) U {7’} O

D Simulated Experiment

D.1 Experiment Details

Dataset The ground truth latent SCM f; € F 4 takes the form f;(e) = F} e+bj 17 where Fj = (I—L%)~', L} €
R™>"™ is domain-specific lower triangular matrix that satisfies sparsity constraint, b’; € R is a domain-specific bias and
17 is an indicator vector where any entries corresponding to the intervention set are 1. To be specific, [L}]; ; ~ N (0,1)
and b} ~ Uniform(—2+/m/|Z|,2+/m/|Z|). The observation function takes the form g*(x) = G* LeakyReLU (x)
where G* € R™*™ and the slope of LeakyReLU is 0.5. To allow for similar scaling across problem settings, we set
the determinant of G* to be 1 and standardize the intermediate output of the LeakyReLU. The generated F;, b}, G*
all vary with random seeds and all experiments are repeated for 10 different seeds. We generate 100,000 samples from
each domain for the training set and 1,000 samples from each domain in the validation and test set.

Model We test with two ILD models: /LD-Relax-Can which represents the relaxed canonical ILD form from Cor. 3
and a baseline model, ILD-Dense which has no sparsity restrictions on its latent SCM. To be specific, the latent SCM
of ILD-Dense could be any model in Fr4. We use Z and Z* to represent the intervention set of the model and dataset,
respectively. We note that for ILD-Dense, I contains all nodes and for ILD-Relax-Can, I contains only the last few
nodes. Both models follow a similar structure as the ground truth. To be specific, the latent SCM takes the form
fal€) = Fy € +bg where Fy = (I — Lg)~ 'S4, Ly € R™*™, S; € R™*™ and by € R™. The observation takes the
form g(x) = G LeakyReLU (x) 4+ b where G € R™*™ b € R™, and the slope of LeakyReLU is 0.5. In Figure 3a
and Figure 3b, we add an illustration of the latent SCM for ILD-Dense and ILD-Relax-Can respectively. We emphasize
a few main differences between the dataset and models here: (1) ILD-Relax-Can, I only contains the last few nodes
while for the dataset, Z* could contain any node we specify. We note that ILD-Dense is equivalent to a ILD-Relax-Can
with all nodes in its intervention set. (2) There is no constraint on the determinant of G and standardization in g(x).
(3) The bias added to all dimensions in the ground truth model is the same scalar value, but the bias in the model is
allowed to vary for each axis. (4) In the model, g is allowed a learnable bias.

Algorithm In the simulated experiments, our algorithm only tries to fit the observed distribution for all models. As
all models are strictly invertible, we fit the distribution via maximum likelihood estimation (MLE). To be specific, the
objective is as below

max  Eg[p(x|d)] (32)

g:fla'“ade
where p(@|d) = p (0 71 (@)) 1,10y (@)

Metric To evaluate the models, we compute the mean square error between the estimated counterfactual and ground

: 2 -1 -1 -1 _ -1 2
truth counterfactual, i.e. Error = g—x-—5 Sarza2allg®o fio(fi)  o(g") " H@ma) —go faro fy og™ (za)ll*.
As in practice, we can only check data fitting instead of counterfactual estimation, and we report the counterfactual
error computed with the test dataset when the likelihood computed with the validation set is highest.

Training details We use Adam optimizer for both f and g with alr = 0.001, 8; = 0.5, 82 = 0.999, and a batch size

of is 500. We run all experiments for 50,000 iterations and compute validation likelihood and test counterfactual error
every 100 steps. f is randomly initialized. Regarding g, G is initialized as an identity matrix and b is initialized as O.
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Figure 3: An illustration of the matrices/vector used to create f, across the three ILD models when m = 6 and |Z| = 2.
These are used such that f;(€) = Fy e+ by where Fyy = (I — Ld)_lsd. The grey elements are 0, the orange elements
are parameters that are different for different domains, and the blue elements are parameters shared across domains.
We specify the value if it is a fixed number other than 0. Note that we don’t implement /LD-Can in our experiments.
We include it here only for illustration of our theory.

D.2 Additional Simulated Experiment Results

For better organization here, we split our experiment into three cases as introduced below. The first two cases point
to the question: given the fact that we use the correct sparsity, does sparse canonical form model designing provide
benefits in generating domain counterfactuals? The third case investigates the more practical scenario where we don’t
have any knowledge of the ground truth sparsity and we explore what would be a better model design practice in this
case.

Case 0: Exact match between dataset and models In this section, we investigate the performance of /ILD-Dense
and ILD-Relax-Can while assuming that the ground truth intervention set only contains the last few nodes and we
choose the correct size of the intervention set.

To understand how the true intervention set affects the gap between ILD-Dense and ILD-Relax-Can, we varied the
size of the ground truth intervention. In Figure 4, we observe that the performance gap tends to be largest when
the true intervention set is the most sparse and the performance of ILD-Relax-Can approaches to the performance
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Figure 4: Case 0: Test counterfactual error with different Z*. To understand how the true intervention set affects the
gap between ILD-Dense and ILD-Relax-Can, we varied the size of the ground truth intervention. It can be observed
that the performance gap tends to be largest when the true intervention set is the sparsest and the performance of
ILD-Relax-Can approaches to the performance of /LD-Dense as we increase the size.

Table 3: Case 0: Test counterfactual error and validation log likelihood for each seed when m = 10, Ngy = 2. We
observe that the log likelihood of ILD-Dense tends to be much lower when it has a larger counterfactual error than that
of ILD-Dense.

Seed 0 1 2 3 4 5 6 7 8 9
ILD-Relax-Can | 4.625 | 0.111 | 0.120 | 0.072 | 4.572 | 10.617 | 4.360 | 6.809 | 0.099 | 0.479
ILD-Dense | 23.821 | 0.611 | 2.178 | 5.823 | 4779 | 0.694 | 0.487 | 1.653 | 3.170 | 6.365
ILD-Relax-Can | -6.873 | -7.066 | -5.672 | -4.637 | -0.572 | -3.261 | -6.062 | -4.552 | -1.367 | -5.170
ILD-Dense | -4.034 | -6.434 | -5.679 | -4.197 | 0.711 | -1.908 | -4.180 | -2.413 | -1.483 | -4.796

Counterfactual error

Log likelihood

of ILD-Dense as we increase the size. This makes sense as ILD-Relax-Can is a subset of ILD-Dense and they are
equivalent when Z = {1, 2,3,4,5,6}. Additionally, even when the ground truth model is relatively dense (when |Z*|
is close to m), ILD-Relax-Can is still better than ILD-Dense. We then investigate how models perform under tasks
with different numbers of domains. In Figure 5, we change the number of domains in the datasets, and we observe
that the performance gap does not seem to be sensitive to the number of domains though the absolute error seems to
slightly decrease with more domains. Finally, we test how our algorithm scales with dimension when the number of
domains is different. In Figure 6, we notice that ILD-Relax-Can is significantly better than ILD-Dense in 9 out of 12
cases. In the next paragraphs, we further investigate the 3 cases that do not outperform /ILD-Dense to understand if it
seems to be a theoretic or algorithmic/optimization problem.

We take a further investigation on the three cases where ILD-Relax-Can is close to or worse than ILD-Dense. As
shown in Figure 7, when the latent dimension is 10 and the number of domains is 2, i.e. m = 10 and Ny = 2, the
validation likelihood of ILD-Relax-Can is much lower than ILD-Dense especially in comparison to that with m = 4, 6.
We conjecture that the performance drop in terms of counterfactual error could be a result of the worse data fitting, i.e.,
the model does not fit the data well in terms of log-likelihood. As further evidence, we show the counterfactual error
and corresponding validation log-likelihood in Table 3. We observe that the log-likelihood of ILD-Dense tends to be
much lower when it has a larger counterfactual error than that of ILD-Dense. As for the relatively worse performance
of ILD-Relax-Can when m = 4, Ny = 2 and m = 4, Ny = 3, we report the counterfactual error corresponding to
each seed in Table 4 and Table 5 respectively. When the latent dimension is 4 and the number of domains is 2, i.e.,
m = 4, Ny = 2, ILD-Relax-Can is better than ILD-Dense with 9 out of 10 seeds. However, it fails significantly
with seed 0 and thus leads to a larger average of counterfactual error. When m = 4, Ny = 3, ILD-Relax-Can is
better than ILD-Dense with 7 out of 10 seeds but ILD-Relax-Can is not significantly better than /LD-Dense in terms of
average error. We think this is more likely an optimization issue with lower dimensions, which is not explored by our
theory. We conjecture that larger models with smoother optimization landscapes will perform better as we see in the
imaged-based experiments. We also note that these models are not significantly overparametrized and thus may not
benefit from the traditional overparameterization that aids the performance of deep learning in many cases. Further
investigation into overparameterized models may alleviate this algorithmic issue.

Despite some corner cases in which the optimization landscape may be difficult for these simple models, all the results
point to the same trend that the sparse constraint and canonical form motivated by our theoretic derivation indeed aids
in counterfactual performance—despite not explicitly training for counterfactual performance.

Case 1: Correct |Z| but mismatched intervention indices In this section, we include more results in the more
practical scenario where we choose the correct number of the intervened nodes but they are not necessarily the last
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Figure 5: Case 0: Test counterfactual error with different number of domains. Here we investigate how the number of
domains affects the performance gap between ILD-Dense and ILD-Relax-Can. We observe that the gap is not sensitive
to the number of domains.
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Figure 6: Case 0: Test counterfactual error with different dimension. We investigate how our algorithm scales with
dimension. We observe that ILD-Relax-Can is significantly better than /LD-Dense in 9 out of 12 cases, and we also
notice that there 3 cases where their performance is close to that of each other. Here the intervention set contains the
last two nodes. For example, when m = 4, Z = {3,4}, and when m = 10, Z = {9, 10}.
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Figure 7: Case 1: Lowest validation log likelihood (same as when we report the test counterfactual error) when testing
different dimension with Ny = 2. We observe that the likelihood gap between ILD-Relax-Can and ILD-Dense is
largest when m = 10.

Table 4: Case 0: Test counterfactual error for each seed when m = 4, Ny = 2. ILD-Relax-Can is better than ILD-
Dense except when seed is 0. However, there is a significant failure for /LD-Relax-Can with seed 0.
Seed 0 1 2 3 4 5 6 7 8 9
ILD-Relax-Can | 23.790 | 2.309 | 1.747 | 3.180 | 1.265 | 0.864 | 0.779 | 0.227 | 3.325 | 6.362
ILD-Dense 3.321 | 3435 | 2.838 | 4.209 | 5.356 | 6.456 | 1.615 | 2.165 | 5.195 | 7.937

Table 5: Case 0: Test counterfactual error for each seed when m = 4, Ny = 3. ILD-Relax-Can is better than ILD-
Dense with seed 1,2,3,5,6,7, 8.
Seed 0 1 2 3 4 5 6 7 8 9
ILD-Relax-Can | 23.821 | 0.611 | 2.178 | 5.823 | 4779 | 0.694 | 0.487 | 1.653 | 3.170 | 6.365
ILD-Dense | 24.472 | 3.658 | 2.925 | 5.785 | 3.260 | 5.795 | 3.878 | 4.560 | 4.009 | 5.965
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Figure 8: Visualization of counterfactual error when m = 6,N; = 3,|Z| = 2,7* = {1,2}. In each plot, we
find the first two principle components and project the data along that direction. We select 10 points, then find the
corresponding ground truth counterfactual and estimated counterfactual. The black arrow points from ground truth to
estimated counterfactual.
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Figure 9: Case 1: Test counterfactual error with different indices. Here we observe that ILD-Relax-Can performs
consistently better than ILD-Dense. When Ny = 2 and 7 = {4, 5}, the performance of ILD-Relax-Can gets relatively
higher because it fails significantly in one case as shown in Table 6.

few nodes in the latent SCM. This experiment is related to our canonical ILD theory, i.e., that there exists a canonical
counterfactual model (where the intervened nodes are the last ones) corresponding to any true non-canonical ILD
that has the same sparsity. As a starting point, we first illustrate the existence of a canonical model we try to find in
Figure 11.
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Figure 10: Case 1: Test counterfactual error with different number of domains when Z = {1,2}. ILD-Relax-Can
performs consistently well with different number of domains and latent dimension.

Table 6: Case 1: Test counterfactual error and validation log likelihood for each seed when Ny = 2 and Z = {4, 5}.
When seed is 3, the error of ILD-Relax-Can is much larger than that of ILD-Dense. In the meanwhile, we notice that
the log likelihood of ILD-Relax-Can is much lower than that of /LD-Dense which indicates ILD-Relax-Can fails to fit
the observed distribution well. When seed is 6, there is also a gap in log likelihood. But both models perform very
badly in terms of counterfactual error in this case, and we conjecture this results from a very hard dataset.

Seed 0 1 2 3 4 5 6 7 8 9
ILD-Relax-Can | 1395 | 0.862 | 1.338 | 0.193 | 7.557 | 12.422 | 21.762 | 3.879 | 2352 | 0.479

ILD-Dense | 8.610 | 5.979 | 4.134 | 2983 | 9.795 4.719 | 24232 | 5327 | 8.497 | 8.500
ILD-Relax-Can | -4.441 | -5.737 | -4.448 | -5.504 | -4.393 | -3.376 | -5.187 | -5.073 | -4.033 | -4.102

ILD-Dense | -4.170 | -5.632 | -4.316 | -5.458 | -4.174 | -2.181 | -4.052 | -5.010 | -5.270 | -4.302

Counterfactual error

Log likelihood

To investigate the effect of different indices of the intervened nodes, in Figure 9, we change the true intervention set
T* while keeping the number of intervened nodes | Z*| the same. We observe that ILD-Relax-Can is consistently better
than ILD-Dense regardless of which nodes are intervened except for one case. When the number of domains is 2 and
7* = {4,5}, we find the gap is much smaller mainly because ILD-Relax-Can fails to fit the observed distribution
in one case as shown in Table 6. We then test the effect of the number of domains with different latent dimensions
in Figure 10. We observe that our model performs consistently well with different numbers of domains and latent
dimensions. In Figure 8, we visualize how ILD-Relax-Can leads to a lower counterfactual error in comparison to
ILD-Dense. As shown in Figure 8a and Figure 8b, ILD-Relax-Can clearly does better in counterfactual estimation. In
Figure 8c and Figure 8d, both of them have a relatively larger error. However, ILD-Relax-Can tends to find a closer
solution while /LD-Dense matches distribution more randomly. This could result from the large search space of ILD-
Dense and it can easily encodes a transformation such as rotation which will not hurt distribution fitting but will lead
to a significant counterfactual error.

Even though we do not know the specific nodes being intervened on, similar to Case 1, we show that sparse constraint
leads to better counterfactual estimation.

Case 3: Intervention set size mismatch In this section, we include more results in the most difficult cases where we
have no knowledge of the dataset. To investigate what will happen if there is a mismatch of the number of intervened
nodes between the true model and the approximation, i.e., |Z| # |Z*|, we first change Z* while keeping the model
unchanged, i.e., Z is fixed. As shown in Figure 12, the performance gap between ILD-Relax-Can and ILD-Dense
become smaller as the dataset becomes less sparse while ILD-Relax-Can outperforms ILD-Dense in all cases. We then
change 7 while keeping Z* unchanged. As shown in Figure 13, the performance of ILD-Relax-Can approaches to that
of ILD-Dense as we increase |Z|. A somewhat surprising result is that /LD-Relax-Can has the lowest counterfactual
error when |Z| = 1. However, as we check data fitting in Figure 14, we can tell ILD-Relax-Can fails to fit the observed
distribution in this case. We conjecture the main reason for this is that our theory does not guarantee the existence
of a distributionally and counterfactually equivalent canonical model in those cases as we are using a model that is
more sparse than the ground truth dataset. Hence, we cannot rely on the counterfactual estimation when the observed
distribution is not fitted.

In summary, we observe that ILD-Relax-Can always tends to get a lower counterfactual error even though we choose
a wrong size of intervention set, i.e. |Z| # |Z*|. However, we also observe that in the cases where our model is more
sparse than ground truth, the data fitting performance of ILD-Relax-Can would drop more significantly. We believe
this could also be a good indicator of whether we find a reasonable |Z]|.
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E Image Counterfactual Experiments

E.1 Dataset Descriptions

Rotated MNIST and FashionMINIST We split the MNIST trainset into 90% training data, 10% validation, and for
testing we use the MNIST test set. Within each dataset, we create the domain-specific data by replicating all samples
and applying a fixed 6 counterclockwise rotation to within that domain. Specifically we generate data from 5 domains
by applying rotation of 0°,15°,30°,45°, 60°. For Rotated FashionMNIST, we use the same setup as the RMNIST
setup, except we used the Fashion MNIST [ s ] dataset. This dataset is structured similar to the MNIST
dataset but is designed to require more complex modeling [ , 1.

3D Shapes This is a dataset of 3D shapes that are procedurally generated from 6 independent latent factors: floor
hue, wall hue, object hue, scale, shape, and orientation [ s ]. In our experiment, we only choose
samples with one fixed scale. We then split the four object shapes into four separate domains and set the 10 object
colors as the class label. The causal graph for this dataset can be seen in Fig. 15c, and following this, we should expect
to see only the object shape change when the domain is changed. Similar to the RMNIST experiment, we use 90% of
the samples for training and 10% of the samples for validation.

Color Rotated MNIST (CRMNIST) This is an extension of the RMNIST dataset which introduces a latent color
variable whose parents are the latent domain-specific variable and latent class variable. Similar to RMNIST, the latent
domain variable corresponds to the rotation of the given digit, except here d; = 0° rotation, ds = 90° rotation, and
the class labels are restricted to digits y € {0, 1, 2}. For each sample, there is a 50% chance the color is determined by
the combination of class and digit label and a 50% chance the color is randomly chosen. For example if € ~ N (0, 1),

red, ify=0,d=1,e>0
green, ify=0,d=2,e >0
f2.(y,d, €) = { blue, ify=1,d=1,¢>0

Random(red, green, blue, yellow, cyan, pink), ife <0

The causal graph for this dataset can be seen in Fig. 15b. Similar to the RMNIST experiment, we use 90% of the
samples for training and 10% of the samples for validation.

Causal3DIdent Dataset This is a benchmark dataset from [ s ] which contains rendered
images of realistic 3d objects on a colored background that contain hallmarks of natural environments (e.g. shadows,
different lighting conditions, etc.) which are generated via a causal graph imposed over latent variables (the causal
graph can be seen in Figure 15d). Similar to [ , ], we chose the shape of the 3D object to
be the class label, and we defined the background color as the domain label. In the original dataset, the range of the
background hue was [, 7] and to convert it to a binary domain variable, we binned the background hue values into
bins [, —0.8] and [7, 0.8]. These ranges were chosen to be distinct enough that we can easily distinguish between
the domains yet large enough to keep the majority of original samples in this altered dataset. We split the 18k binned
samples into 90% training data and 10% validation data for our experiment.

E.2 Metrics

Inspired by the work in [ ], we define four metrics (Effectiveness, Preservation, Composition, and
Preservation) specifically for the image-based counterfactuals with latent SCMs. The key idea is to check if the correct
latent information is changed when generating domain counterfactuals (e.g., domain-specific information is changed,
while all else is preserved). Since we don’t have direct access to the ground truth value of latent variables (nor their
counterfactual values), we use a domain classifier ~Agomain and class classifier h¢,ss to measure if the intended change
has taken place.

Effectiveness: The idea is to check if the domain-specific variables change as wish in the counterfactual samples.

E(z’d) |:]]-hdomain (id_)d', ):d’:|

Preservation: This checks if the semantically meaningful content (i.e. the class information) that is independent of
the domain is left unchanged while the domain is changed.

Ez,a) {L (@dﬂd/)mj
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Composition: We check if our model is invertible on the image manifold, thus satisfying the pseudoinvertibility
criteria.

]E(Ld) []lhclﬂss (i/’dﬂd):y]

Reversibility: This metric checks if our model is cycle-consistent, or in other words, checking if the mapping between
the observation and the counterfactual is deterministic.

Ez,a) [lhcms (fzd*“d):y}

For the domain classifier hgomain and class classifier hcps, we used pretrained ResNetl18 models [ s ]
that were fine-tuned by classifying clean samples (i.e. not counterfactuals) for 25 epochs with the Adam optimizer,
a learning rate of le-3, and a random data augmentation with probabilities: 50%: no augmentation, 17%: sharpness
adjustment (factor=2), 17%: gaussian blur (kernel size=3), 17%: gaussian blur (kernel size=5). A reminder that for
MNIST/FMNIST/ColorRotated MNIST, the domain is rotation and the label is the original label of images (digits/type
of clothes), for 3D shapes, the domain is object shape and the label is object color, and for Causal3DIdent, the domain
is hue of the background and the label is the object shape.

E.3 Causal Interpretation of our experiments

In this section, we introduce the causal interpretation of our experiments. To evaluate the model’s capability of
generating good domain counterfactuals, for each dataset, we have one domain latent variable and choose one class
latent variable that are generated independently of the domain latent variable. As an example, for RMNIST, we
choose rotation as the domain latent variable and digit class as the class latent variable. As indicated in Figure 15a,
for the counterfactual query “Given we observe image in this domain, what would have happened if it is in another
domain?”, we should expect the image to be rotated while the class remain unchanged. Specifically, we want to
check Vd,d',d" € D,P(Zin(D = d)|X = 2,D = d) = P(Zin(D = d")|X = z,D = d) iff d = d” and
vd,d',d" € D,P(Z,(D =d')|X =x,D =d) =P(Z,(D = d")|X = z,D = d) where D is the set of all domains.
However, in practice we cannot directly get the value of those latent variables. This motivates our choice of evaluation
metric of training a domain classifier and class classifier to detect if the domain latent variable is changed and class
latent variable (which we call class) is preserved in the counterfactuals.

For RMNIST/RFMNIST, we choose rotation as the domain variable and digit/clothes class as the class variable. For
3D Shapes, we choose object shape as the domain variable and hue of objects as the class variable. For CRMNIST,
we choose rotation as the domain variable and digit class as the class variable. For Causalldent, we choose the hue
of the background as the domain variable and object class as the class variable. In the case of 3D Shapes, we can
technically choose anything other than object shape as the class variable. However, for simplicity, we choose one of
them. In the case of CRMNIST, we cannot choose Z.., because it will change after we change the domain. In the
case of Causal3DIdent, we can choose anything but the hue of the object, though we figure Z,, is easier to check and
can reduce error caused by classifier proxies.

We also want to note that other than observational image, access to domain information is also important for answering
this query. For example, in the case of RMNSIT, given an image that looks like digit “9”, for the question “what would
have happened if it is in domain 90°”, the fact that the current digit is in domain 0° (which means it is indeed digit
“9”) or the current digit is in domain 180° domain 0° (which means it is digit “6”") would lead to different answer.

E.4 Experiment Details

Model setup The relaxation to pseudo invertibility allows us to modify the ILD models to fit a VAE [

s ] structure. The overall VAE structure can be seen in Fig. 16, where the variational encoder first
projects to the latent space via g7 to produce the latent encoding z, which is then passed to two domain-specific
autoregressive models f;:w fia which produce the mean and variance parameters (respectively) of the Gaussian

posterior distribution. The decoder of the VAE follows the structure typical ILD structure: g o fy. Here, g7 can be
viewed as the pseudoinverse of the observation function g and f; can be viewed as a pseudoinverse of f;: " During
training, the exogenous noise variable € is then found via sampling from the posterior distribution (¢ ~ N (g, 04))
which can be viewed as a stochastic SCM, however, to reduce noise when producing counterfactuals, when performing
inference the exogenous variable is set to the mean of the latent posterior distribution (i.e. € = p4). In all experiments,
g and g follow the B-VAE architecture seen in [ ] (with the exception that in the Causal3DIdent
experiment, g and g™ follow the base VQ-VAE architecture [ s ] without the quantizer), and the
structure of the f models is determined by the type of ILD model used (e.g., independent, dense, or relaxed canonical)
and matches that seen in the simulated experiments and visualized in Fig. 3. For the f models which enforce sparsity
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RMNIST RFMNIST
Comp. Rev. Eff. Pre. Comp. Rev. Eff. Pre.
ILD-Independent | 99.79 £0.44 32.56 £ 0.20 94.97 £4.71 3249£0.22 69.75 £1.86 22.36£0.76 99.62 £0.37 2254+1.19
ILD-Dense 99.76 £ 0.28 32.60 £0.21 80.92 £2.21 32.64 £0.23 71.20 £3.39 24.23+2.51 98.51 £0.93 23.98 £2.18

ILD-Relax-Can | 99.85 £ 0.27 79.84+ 17.54 96.72+1.89 64.99 +9.83 | 71.79 £ 4.55 70.44 £ 3.54 08.82+0.73 62.15+ 6.65
Table 7: Quantitative result with RMNIST and RFMNIST, where higher is better. They are both averaged over 20
runs.

CRMNIST 3D Shapes
Comp. Rev. Eff. Pre. Comp. Rev. Eff. Pre.
ILD-Independent | 87.24 £11.98 59.88 £6.46 94.65 +15.34 60.39 £6.95 99.79 £ 0.44 32.56 £0.20 94.97 +£4.71 3249+0.22
ILD-Dense 88.18 +17.84 62.29 +10.51 92.72 +15.52  59.60 + 8.92 99.76 + 0.28 32.60 £ 0.21 80.92 +2.21 32.64 +0.23

ILD-Relax-Can | 92.10 & 13.24 85.74 £ 13.33 94.48 % 10.71 72.95 £ 12.42 | 99.85 £ 0.27 79.84 & 17.54 96.72F 1.89 64.99  9.83
Table 8: Quantitative result with CRMNIST and 3D Shapes, where higher is better. CRMNIST are averaged over 20
runs and 3D Shapes are averaged over 5 runs.

, of 5. We also introduce an additional baseline, ILD-Independent,
which has an architecture similar to the ILD-Dense baseline, with the exception that the g and g™ functions are no
longer shared across domains. The ILD-Independent baseline can be seen as training an independent 3-VAE for
each domain, where each 5-VAE an autoregressive fq.,se model as its last (first) layer for the encoder (decoder),
respectively. For experiment with RMNSIT, REMNIST, 3D Shapes and Causal3DIdent, we choose m = 20 and for
CRMNIST, we choose m = 10.

Training We train each ILD model for 300K,300K,300K,500K,200K for RMNIST, REMNIST, CRMNIST, 3D
Shapes and Causal3DIdent respectively using the Adam optimizer [ , ] with 51 = 0.5, B2 = 0.999,
and a batch size of 1024. The learning rate for g and g* is 1074, and all f models use 10~3. During training, we
calculate two loss terms: a reconstruction 10ss £,.ccon = | — :i:|§ where & is the reconstructed image of « and the
Laiign alignment loss which measures the KL-divergence between the posterior distribution (Qq(e|x) and the prior
P(e). Following the 8-VAE loss calculation in [ ], we apply a Sk 1, p upscaling to the alignment loss
such that lyotq; = lrecon + Br LD * Latign. For all MNIST-like experiments, we use Sk rp = 1000, which we found
leads to the lowest counterfactual error on the validation datasets across all models; this also matches the Sx 1 p used
in [ ], and for 3DShape and Causal3DIdent we found 557, p = 10 leads to the lowest counterfactual
error.

E.5 Additional Results

The quantitative results in Table 7, Table 8, and Table 9 match the visual result seen in Figure 17, Figure 18, Figure 19,
where almost across all datasets the ILD-Relax-Can model seems to find a proper latent causal structure that can
disentangle the domain information from the class information — unlike the baseline models which seem to commonly
change the class during counterfactual. We again note that the training process for all of the models only include the
typical VAE invertibility loss (i.e. reconstruction loss) and latent alignment loss (i.e. the KL-divergence between the
latent prior and posterior distributions) and do not specifically include any counterfactual training. Thus, we conjecture
the enforcing of sparsity in the canonical models correctly biased these models in a manner that preserved important
non-domain-specific information when performing counterfactuals. In Figure 22, Figure 23, Figure 24 and Figure 25,
we track the change of our metrics w.r.t |Z| (we did not do this investigation for Causal3DIdent because that the training
of that model takes much longer time). We observe that as we increase |Z|, the reversibility and preservation tends
to decrease while the effectiveness tends to increase. We conjecture that this is because as |Z| increases, there is less
constraint on the original optimization problem (fitting the observational distribution) which could potentially increase
the performance. However, it leads to lower chance in finding a proper latent causal structure for domain counterfactual
generation, which results in the decrease in preservation. ILD-Dense can be regarded as an extreme case of this. In

Causal3DIdent
Comp. Rev. Eff. Pre.
ILD-Independent | 88.15+5.0 51.43£2.7 91.05 £17.7 51.94+3.0
ILD-Dense 83.59+54 49.17+25 92.17+13.6 48.83+3.0

ILD-Relax-Can \ 86.00+56 79.73+£6.6 84.15+235 79.73+8.6
Table 9: Quantitative result with Causal3DIdent, where higher is better. Causal3DIdent are averaged over 10 runs.
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summary, we validate the practicality of our model design in the pseudoinvertible setting with extensive study on 5
image-based datasets.

F Limitations

In this paper, we first prove the existence of distributionally and counterfactually equivalent models. Then we inves-
tigate how hard it would be to learn such models in practice when the only objective in the algorithm is to fit the
observed distribution. In our extensive simulated experiments and image-based experiments, we find that the sparsity
constraint inspired by our theory helps the model achieve more accurate counterfactual estimation. From a theoretic
side, while our theory proves the existence of canonical ILD models, however, we have not proven identifiability of
the latent causal model or observation function. Indeed, we conjecture that complete identifiability of latent causal
models is likely infeasible in our setup except under very strong constraints. A deeper investigation into the conditions
for identifiability or proof of non-identifiability would be interesting future directions.

A practical problem we noticed in our simulated experiments is that sometimes the sparse model is harder to fit, i.e.,
its log-likelihood is worse than the dense model, even if we only consider the cases where the true model is in the
model class being optimized (e.g., the sparsity of the model is at least as large as the sparsity of the ground truth
model). We conjecture that this results from a harder loss landscape as we add more constraints to the model. We
believe a more careful investigation of the model and algorithm could be an interesting and important future work. For
example, if we use a more significantly overparameterized model, there are chances that the training of ILD-Relax-Can
would become easier. Additionally, the addition of further loss terms could aid in the training of these models, such
as, assuming access to some ground truth domain counterfactuals (e.g., the same patient received imaging at multiple
hospitals) could be used to penalize our model when it changes latent variables which do not change under the ground
truth counterfactuals.

In our experiments, we aimed to test the effects of breaking some of our assumptions (e.g., “what if our model is
not strictly invertible”), and while our models still performed better in these cases, there are likely cases where the
breaking of our assumptions can cause our models to fail to produce faithful counterfactuals. For example, in a case
where there is a very large difference between domains and there is no sparsity in the domain shifts, then it is likely
that the constraints constituted by our sparsity assumption will make the sparse models struggle to fit the observed
distributions.
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Figure 11: An illustration of the existence of a distributionally and counterfactually equivalent model in canonical
form when m = 4 and Z = {2}. hy.,3 represents a swapping matrix. g(*) o £(2) is one of the caonical model we try to
find. Note that the observed distributions in the right column are always the same while the latent distributions on the
left change. In particular, the canonical ILD model on the bottom left has independent distributions for the first three
variables and is only the non-identity on the last node. 35
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Case 2: different |17| (Ny=2) 15 Case 2: different |77| (Ng=3) 15 Case 2: different |1°| (Ng=10)
mmm |LD-Dense mmm |LD-Dense mmm |LD-Dense
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(@) Ng =2 (b) Ny =3 (c) Ng =10

Figure 12: Case 2: Test counterfactual error with different | Z*| and fixed |Z| = 2. The performance of ILD-Relax-Can
gets worse as the dataset becomes less sparse. But it is still better than ILD-Dense. Note that when |Z| = 2 and
Z* = {6}, the ground truth canonical model is still a subset of the models we search over.
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Figure 13: Case 2: Test counterfactual error with different |Z| and fixed Z*. The performance of ILD-Relax-Can
approaches to that of ILD-Dense as we increase |Z|.
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(a) Ng =2 (b) Ng =3 (c) Ng =10

Figure 14: Case 2: Lowest validation log likelihood with different |Z| and fixed Z*. When |Z| = 1, there is a more

significant gap between ILD-Relax-Can and ILD-Dense with all N; which indicates ILD-Relax-Can might fail to fit
the observed distribution.
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(a) RMNIST/RFMNIST (b) ColorRMNIST

(c) 3D Shapes

Zpos,obj

(d) Causal3DIdent

Figure 15: (a) RMNIST/RFMNIST. Here Z represents the rotation of the image, Z, represents the original RM-
NIST/RFMNIST class, Z.s contains other detail information such as writing style, which is controlled by how
MNIST dataset was originally created. (b) Z. represents the color of the digit while others are the same as (a).
(c) 3D Shapes. Zgape represents the object shape. Zhue_objs Zhue_floor, Zhuewall T€Present the hue of the object, floor
and wall respectively. Zoriene Tepresents the orientation of the object. (d) Causal3DIdent. Z, represents the object
class. Zhue_obj, Zhuebg, Zhue_sp! T€Present the hue of the object, background and spotlight respectively. Zpos obj, Zpos_spl
represent the position of the object and spotlight respectively. Z;o obj represents the rotation of the object. X is not
shown in the graph but all nodes should point to it.
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Input: (xd=cylinder’dr — sphere) Shared Across Output: ( d= sphere
I \ Specific Domains

5 ¢ SASEEARRNGL Bo

Figure 16: The model structure for the pseudo-invertible ILD model used in the high-dimensional experiments. The
overall structure matches that of a VAE where the encoder (left) first projects to the latent space via g™ (the pseudoin-
verse of the observation function g). This latent encoding is then passed to two domain-specific autoregressive models
f df W f d+ ., Which produce the mean and variance parameters (respectively) of the Gaussian posterior distribution. Dur-

ing training, the exogenous noise variable e is then found via sampling from the posterior distribution (¢ ~ N (g, 04))
which can be viewed as a stochastic SCM, however, during inference the exogenous variable is set to the mean of the
latent posterior distribution (i.e. € := pq) to reduce noise when producing counterfactuals. The decoder (right) follows
the usual VAE decoder structure, with the exception that the initial linear layer is an autoregressive function of the e
input. The structure of all the f models is determined by the type of ILD model used (e.g., dense, canonical, or relaxed
canonical) and matches that seen in Fig. 3.

Baseline: lLD—Independent Baseline: ILD-Dense Ours: ILD-Relax-Can

Figure 17: Counterfactual plots for the three relaxed ILD models, where across the columns we show examples of
two clothing classes (e.g., “handbag” or “boot”) from each domain and each row corresponds to the counterfactual to
a different domain. It can be seen that while all models correctly recover the rotation for each domain counterfactual,
the baseline models usually change the class label during counterfactual, while /LD-Relax-Can tends to preserve the
clothing label, despite not being privy to any label information during training.

Baseline: ILD-Independent Baseline: ILD- Dense Ours: ILD-Relax-Can

Figure 18: Counterfactual plots for the three ILD models, where across the columns we show examples of two classes
from each domain and each row corresponds to the counterfactual to a different RMNIST domain. It can be seen
that while all four models correctly recover the rotation for each domain counterfactual, the baseline models usually
change the digit label during counterfactual, while /LD-Relax-Can tends to preserve the digit label, despite not being
privy to any label information during training.
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Baseline: ILD-Independent Baseline: ILD-Dense Ours: ILD-Relax-Can

Figure 19: Counterfactual plots for the three ILD models, where across the columns we show examples of two classes
from each domain and each row corresponds to the counterfactual to a different object shape domain.

d, > dy

d, > dy

Baseline: ILD-Independent Baseline: ILD-Dense Ours: ILD-Relax-Can

Figure 20: Counterfactual plots for the three ILD models, where across the columns we show examples of two classes
from each domain and each row corresponds to the counterfactual to a different rotation domain.

Baseline: ILD-Independent Baseline: ILD-Dense Ours: ILD-Relax-Can

Figure 21: Counterfactual plots for the three ILD models, where across the columns we show examples of two classes
from each domain and each row corresponds to the counterfactual to a different background hue domain.
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Figure 22: Change of metrics w.r.t |Z| for RMNIST. Results are
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Figure 23: Change of metrics w.r.t |Z| for REMNIST. Results are with 20 runs and we remove outliers when plotting.
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Figure 24: Change of metrics w.r.t |Z| for CRMNIST. Results are with 20 runs and we remove outliers when plotting.
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Figure 25: Change of metrics w.r.t | Z| for 3D Shapes. Results are with 5 runs and we remove outliers when plotting.
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